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Superplastic Sheet Metal Forming of a Generalized Cup 
Part I1: Nonuniform Thinning 

N. Chandra and D. Kannan 

A computational process model for the superplastic formation of a generalized cup is presented that takes 
into account the variation in thinning in the unsupported region. The relative pole to edge thinning arises 
due to the change in the state of stress from balanced biaxial at the pole to plane strain at the edge. Using 
kinematic conditions and material constitutive equations, a relationship between the instantaneous thick- 
ness at the pole and edge is developed. An equation for thickness variation from center to edge in terms of 
eonvected coordinates is postulated. Process parameters including thickness profile and pressure-time 
cycle for the generalized cup are determined using an incremental formulation. The solution developed in 
Part II depends on process and material parameters, unlike the uniform thinning model. The thickness 
profile for different shapes like the dome, cup, and cone formed from superplastic aluminum 7475 and 
aluminum-lithium alloys are compared with experimental results. 

1. Introduction 

SUPERPLASTIC forming (SPF) has been established as one of  
the advanced techniques of fabricating complex components in 
the aerospace and automotive industries. In PartI  of this article, 
a closed form solution to describe the superplastic forming of  
a generalized cup was developed. [1] The mechanics of defor- 
mation was based on the assumption that the thickness of the 
sheet in the free region is uniform. However, as will be shown 
in Part II, this assumption is not exact, as observed in experi- 
ments.12-11l The nonuniform thickness distribution introduces 
substantial changes in the formulation of the model. 

Jovane [2] was one of the first researchers to assume uniform 
thinning on a dome, but reported that there was a variation in 
thickness in a tin-lead alloy when formed superplastically at 
room temperature. He observed experimentally that the thick- 
ness variation increased with deformation (higher total strain) 
and decreased with an increase in m value (more superplastic). 
Holt TM considered the variation in thickness by measuring the 
slope of the dome at the circumferential edge and assuming a 
balanced biaxial state throughout the domain. Cornfield and 
Johnson 14] formulated a numerical iterative technique to ac- 
count for the thickness variation. They assumed that a state of 
balanced biaxial stress exists throughout the sheet, but read- 
justs at the edge. Their numerical model indicated that the de- 
viation from uniform thickness model increased with a 
decrease in rn value. AI-Hassani [5] assumed that material points 
travel along circular arcs with edge as the center and arrived at 
the thickness variation. This assumption produces a balanced 
biaxial everywhere. He considered the variation of material pa- 
rameters K and m as a function of local strain. It will be shown 
later that, if a balanced biaxial state is assumed everywhere, it 
leads to no change in thickness at the edge, which is contrary to 
experimental observations. 

Guo et  al. [6l analyzed bulge forming of superplastic alumi- 
num 7475 alloy using a stress ratio based on plastic hole 
growth. Ghosh and Hamilton (71 conducted bulge tests on Ti- 
6A1-4V and aluminum 7475 alloy. In their analytical model, 
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Fig. 2 Thickness distribution in long rectangular box and axi- 
symmetric component. 

they assumed a parabolic thinning ratio based on experimental 
observation. Other works have been variations of the above 
models.[8-11l Experimental results of the variation in thickness 
of a hemispherical dome for different materials are shown in 
Fig. 1. In all of the theoretical models, a spherical shape of de- 
formation is assumed. [2-11] This assumption is validated 
through experimental works. [5,6,12] 

It is evident from the above discussion that there is a thick- 
ness variation due to a change in stress state from balanced bi- 
axial at the pole (geometric center of  the free region) to 
plane-strain at the edge (where the sheet is in circumferential 
contact with the die). In Part 11 of this article, this thickness 
variation is accounted for in the formulation and solution to the 
generalized cup problem. In this analysis, the power-law model 

~ 5 = K ~  m [1] 

is used with a unique value of m and K. However, the values of 
m and K may vary with e, leading to a different flow stress. In 
this article, the variation of state of stress at a different radial 
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Fig. 3 Free bulge forming. 

distance from the pole at any given stage of formation is consid- 
ered in arriving at the thickness distribution. 

2. Analysis of a Free-Forming Dome 

In the formation of a rectangular pan, if the length is consid- 
erably larger than the width, then a state of plane-strain exists in 
the middle section of the box, [13] because the strain along the 
major axis is negligible, as shown in Fig. 2. When such a plane- 
strain condition exists, uniform thickness reduction occurs, 
which has been shown experimentally and theoretically.ll3] 
However, in any axisymmetric part, the center is in a state of  
balanced biaxial strain, and the clamped edge is in a state of  
plane-strain. This variation of strain state causes differential 
thinning in a free-forming part, as shown in Fig. 2. In this fig- 
ure, dotted lines show the unsupported region in both cases. At 
any instant, the unsupported region in the plane-strain box will 
be of  uniform thickness, whereas the axisymmetric component 
will have nonuniform thickness. Any analysis other than the 
simple long rectangular box should incorporate the nonuni- 
form thinning. The relative pole to edge thinning depends on 
the instantaneous value of the pole and edge thicknesses, 
strain-rate sensitivity, and the pressure loading. Because at 
various stages of the formation of  an axisymmetric component 
the free-forming region (except the last) assumes the shape of a 
spherical segment, the analysis of a dome is critical in the proc- 
ess model of a generalized cup. 

Consider a circular sheet clamped at the edge and subjected 
to a gas pressure P as shown in Fig. 3. The hoop stress at the 
pole is given by: 

Pp 
~tp = ~-s [2] 

P 

where ~ is the stress, p is the radius of curvature, and s is the 
thickness. The subscripts 1, 2, and 3 refer to meridional, cir- 
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c u m f  erential, and the thickness directions, respectively, and are 
used for stress and strain quantities; the other subscriptsp and e 
correspond to the values at the pole and the edge. 

Balancing the force in the vertical direction (Fig. 3): 

2 l t a s  e t~ le sin 0 = ~ a 2 p  [3] 

Pp 
(Yle Se = 2 -  [4] 

where 

a = 9 sin 0 [5] 

From Eq 2 and 4: 

(~lpSp = OleS e [6] 

From the condition of plane-strain at the edge: 

02 I 
o 1 = 2 ( ~ 2  0~ - - -  = - [ 7 a ]  

t~ 1 2 

~2 
E2=0 ~ ~ = - = 0  [7b] 

E 1 

Using von Mises criteria: 

2 - -" 2 .  2 • 
(Y le = - ~  (Ye £ e =  ~ l e  = - -  ~ E 3 e  [8] 

Similarly at the pole with a balanced biaxial condition: 

t3 2 
(~1 = 0 2  ~ = - - =  1 [9a] 

O" 1 

E2 = ~1 ~ = .% = 1 [9bl 
E 1 

-- = = - %  ]101 2Elp (Ylp 

Using constitutive equations at the pole and the edge: 

• -- . m 
Op = k ep Op = k(-e3p) [ 11 ] 

(Ye = k Ee m ~e = 3e [12] 

From Eq 6, the ratio of thickness at the pole and the edge can be 
written as: 

S._p_p = (Yle [13] 
Se (Ylp 

The above equation can a/so be expressed in terms of  th/ckness 
strain rates as: 

2 " m 

2 1 
~ e = ~  e3e J [14] 

If  t + & Se is the deformed thickness at t + 6t and t Se is the thick- 
ness at the edge at time t with an incremental time period ~t, 
then the incremental thickness strain ~ E3e at the edge is 

E3e = [ In 
t + ~tSe I1 

Te)J [151 

and the incremental strain rate is 

d(Se3) 1 r t+6 t se]  

l [161 

Substituting in Eq 14: 

If the optimum value of ~ is maintained at the pole, then E3p 
is fixed. Then from the above equation, the thickness ratio 
Sp/Se can be obtained as a function of deformation, as shown in 
Fig. 4. As shown in the figure, the ratio decreases with deforma- 
tion, indicating that the pole is thinning faster than the edge. 
This ratio of Sp/Se is affected more by a decrease in m (less su- 
perplastic materials), and thus, materials with lower m values 
will have more nonuniform thinning. Also for any given mate- 
rial (m = constant), the ratio splSe decreases with deformation. 
Numerical expressions show thatthe sp/Se ratio is not affected 
by imposed strain rate at the pole ep or by the actual value of in- 
itial thickness. It should be noted that Eq 17 specifies only the 
ratio of the thickness at the pole and the edge and does not pro- 
vide any information on the distribution of thickness between 
them. 

To complete the description of  the deformation, the thick- 
ness at various regions needs to be known for the calculation of  
volume and the imposition of the incompressibility condition. 
Only then can the depth at the pole and other kinematic quanti- 
ties can be calculated. In this work, it is postulated that the 
thickness at any point in the domain depends on its convected 
distance along the plane of the sheet from the geometric center. 
In the case of a dome, the thickness depends on the arc length 
from the pole, i.e., s ~ arc length, or s ,,~ 0 with the condition 
that at 0 = 0, s = Sp and s = Se at 0 = tp, as shown in Fig. 5. Thus: 

The above equation can be interpreted as assuming a linear 
variation in thickness from pole to edge with the linearity as a 
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function of convected (deformed) length along the sheet. The 
above equation is also motivated from the experimental obser- 

vation that there is a linear correlation between s and angle 0 for 
a variety of materials, as shown in Fig 1. Incorporating Eq 18 

into Eq 17, it is possible to calculate the strain rate ratio 13 = .82 
E 1  

and stress ratio t~ = 02 at any point in the domain. It should be 
o l  

noted that from the specified boundary conditions at the pole tx 

= 13 = 1 and at the edge ot = 1/2 and 13 = 0, and the variation be- 
tween the pole and the edge causes the nonuniformity in thin- 
ning. Figure 6 shows the consequence of  thickness variation Eq 

18 on the stress ration ct and strain ratio [l when the dome is 
hemispherical. It can be seen that the state of balanced biaxial 

(ix = 1) prevails around the pole and changes to plane-strain (ct 
= 0.5) gradually. Similar variation is also observed for strain ra- 

tio 13. However, if one assumes a state of balanced biaxial stress 
everywhere (ix = 1), then at the edge also ([5 = 1); in such a case, 

E1 -- £2 -- 0 because the circumferential strain E 2 = 0. From the 

incompressibility condition e3 = -  (el + e2) = 0, there will be no 
thinning at all at the edge, which is incorrect. 

Equation 14 can be rewritten as: 
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Fig. 6 tx and [3 variation from pole to edge in free bulge form- 
ing. 

Sp_(  2 "~(l+m) l~.3el m 
[19] 

Interestingly, even the uniform thickness distribution (s = 
constant) yields different strain rates ~ at the edge and the 
pole. [1,2]When Sp = Se, the above equation shows that the thick- 
ness strain rate at the edge and the pole are different, indicating 
that uniform thickness cannot exist any further. Thus, the above 
discussion gives theoretical evidence of thickness variation, 
purely based on the variation of  state of strain from pole to 
edge. 

For a given radius (a) and initial thickness (so), the initial 
volume is 

V 0 = ~ a 2 s o [20] 

and the instantaneous volume of the spherical segment of angle 
tp is given as: 

dV= 2 n a p d O s = 2 n p s i n O p d O s  [21] 

Integrating the differential volume over the curvature limit 0 to 
tp 

V = 2 p p 2 ~  s i n 0 s d 0  [22] 
0 

Using the thickness variation in Eq 18: 

[23] 

V=2rtp2[~sinOspdO-~oo(~)(Sp-Se)SinOdO] [24] 
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Integrating and equating with the original volume equation (Eq 
20): 

S O =  

2 (1 - cos tp) - [ -  tp cos t cp + sin qq 

[25] 

Thickness at the pole is obtained from: 

sp = s o . e -  (e3p) E3p ---- E3p" • (t + &) [26] 

Knowing Sp, Se can be calculated from Eq 17. Because so, Sp, 
and Se are known, angle cp can be evaluated from Eq 25. Using 
angle tp, various geometric quantities can be determined. 

3. Generalized Cup 

The different stages of formation of a generalized cup are 
described in Fig. 7. The nonuniform thinning model developed 
in the earlier section is used to analyze all of the stages of gen- 
eralized cup formation. An incremental formulation is used in 
the numerical scheme to calculate the kinematic and kinetic 
quantities. It is assumed that all the quantities are known at time 
t, and the quantities at time t + St, after an incremental time St, 
need to be evaluated. Once quantities are known at t + St, the 
procedure can be repeated for the next time increment and so 
on. A left superscript indicates the time of evaluation, thus t0 
indicates the quantity ( ) referred to at time t. 

3.1 Stage I 

During stage I (0 -< h -< hi), the sheet deforms into a spherical 
segment until it contacts the side wall. For a draft angle oft~, the 

H 

\\, l" J 4  

~ Stage lI1---~ 

Fig. 7 Stage of deformation of a generalized cup. 

spherical segment will deform until it subtends an angle ~ - 

at the center of the curvature. In stage I, given a strain rate (k), 
strain-rate sensitivity (m), and initial thickness (so), thickness 
at the pole (Sp) is obtained from: 

Sp = SO.e-(eap) E3p = E3p' (t + St) [27] 

The analysis is performed in time steps of 8t starting from a flat 
circular superplastic sheet. Once thickness at the pole (sp) is 
known, using the following equation: 

s.=;2 
S e ~ f 3 )  

+ m) l lm I [28] 

thickness at the edge can be evaluated. Thickness at the edge 
and pole at any instant of time can be related to the geometry of  
deformation using Eq 25. The angle tp included by the spherical 
segment at the center can be obtained by solving equation: 

S o = 

2 Sp(1 - cos cp) - [ - tp cos tp = sin tp] 

[29] 

using Newton's method. From the angle tp and die radius a, the 
radius of curvature p and height of spherical segment q are ob- 
tained using: 

a 
p = [301 

sin cp 

q = p _ ~ S a - ' £  [311 

The maximum height of deformation during stage I is 

(1 - sin ct) 
h l = a  

COS (X 

At the end of every time step in stage I, the pole height is 
checked to determine whether the material has contacted the 
side walls, i.e., if the total height of deformation h 1 < q. Thick- 
ness strain rate at the edge is obtained from the relation: 

• 1 I ( t+StSel]  

and pressure from 

[32] 

2(YlpS p 2t~leS e 
P = - [33] 

P P 
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It is assumed that the radius of curvature is the same throughout 
the spherical segment. 

3 . 2  Stage H 

During stage II (hi < h < H), the unsupported sheet metal or 
spherical segment is assumed to deform as part of a spherical 
segment. Hence, for every time increment, sp is calculated and 
then Se is found using the same set of equations for stage I. Dur- 
ing stage II, the unsupported region further deforms as part of a 
spherical segment; hence, the new thickness at the pole and the 

edge can be obtained using the equations for st, and sp. The 
Se 

thickness at the point of contact of the sheet with the side wall 
after a time ~St and the height of formation along the side wall ~p 
during the same time 8t is evaluated by means of Newton's 
method from a set of equations given below. There are seven 
unknowns t+& a, dh, t+& p, q, S,e, t+& Vcone, and t'l'&Vdome and 
seven different equations to solve, to provide the geometric 
quantities: 

t+&a = (ta - 6p.  tan ~) [34] 

t+& t + &a 
- [351 P 

COS 

,+& q = t + 8tp _ ~ p ) 2  _ (t + &a)2] [36] 

(S e -- Sp)'Sp [37] p 

s e = s e - ~)p + q 

t+& Vcon e = 7~' (t+&a + ta) • ~P Se + Se 
coscx 2 

[38] 

t+& Vdom e = tVdom e _ t-~tWcon [39] 

t+&Wdome = 

L FSp(1 (Sp - s e 2 n  132 -COS ~/')- ~ - :  
7 

[ - 7 cos 7 + sin 7][ 

[40] 

where y=  - - ~, s e is the edge thickness of spherical segment at 
time t, t+~29 is the new radius of curvature, t+&a is the new ra- 
dius of the spherical segment, and s e is the edge thickness of  
spherical segment at time t + fit in stage II. The above set of 
equations is solved using iterative methods for obtaining the 
verticle height 8p of the truncated cone formed in stage II dur- 
ing the time step St. The thickness distribution is calculated un- 
til the sheet contacts the bottom wall. These equations were 
solved using the symbolic language Mathematica. Given the 
material properties and geometric configuration, the program 
evaluates the thickness distribution and pressure-time cycle. 

3 . 3  Stage I I I  

During stage III (0 < r < all), the unsupported region de- 
forms as part of a toroidal segment, and the volume of  a toroidal 
segment formed during stage III is expressed in terms of  r, 
which is derived in Section 3 of Part I. The bottom radius of the 
cup is an, which is given by a - H tan o~. The variable r is the 
distance about which the deformation has taken place along the 
bottom wall, and rs is the radius of curvature along the meridion 
direction of the toroidal segment. The same method of formula- 
tion, except for the variation in thickness, will be used here. The 
volume of a toroidal segment with sp and Se as the thicknesses 
at the two points of  contact on the surface is given by: 

V r = 2 g r r  s S e 2 - S p O ~ - ( S e - S p ) X - ~ J  

+ 2 n ~  s p -  Se sin ~ + [41] 

The volume of  the material laid on the side wall is given as: 

(t + Stse+ tse) 
[42] V s = n (2a 2 - r sin cx)r 2 

where a 2 is the radius of the cup at the end of  stage II. The vol- 
ume of the material laid over the bottom surface is given as: 

Vb =nr2  (t + a t s +  tsp) 
2 

[43] 

The new edge and pole thicknesses t+ft Se and t+& Sp are ob- 
tained using Eq. 26. It is assumed that during stage HI the mate- 
rial thinning is uniform all over the surface. Consequently, Eq 
26 is applied to the edge thickness Se also. The initial volume V2 
of the material at the start of stage III is obtained from Eq 25 as: 

 cos +sio ,l 
[44] 

7C 
where q0 = ~- - ~. Once the new thicknesses are found, the 

height or radius of deformation is obtained using the volume 
equivalents: 

g 2 = g r + V s + g b [45] 

Because all of the quantities are known except the radius of de- 
formation, the equation is solved using Newton's method to 
find a solution for r corresponding to the volume. This is re- 
peated until the total radius of deformation is 90% of the bottom 
radius. The volume of  the material laid on the bottom and the 
side wall is calculated using the average of thickness between 
the third stage initial thickness and the current thickness. 
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4. Special Cases of Generalized Cup 

4.1 C y l i n d r i c a l  C u p  

4.1.1 Stage I 

In the case of a cylindrical cup, the angle cc = 0, and this 
gives the first stage of formation as a complete hemispherical 
dome when it contacts the side wall. The thickness distribution 
is evaluated using the equations in terms of time increments in 
steps of 6t: 

S p = s o • e -%p) E3p = ~3p "(t + ~)t) [46] 

The analysis is performed in time steps of fit starting from a flat 
circular superplastic sheet. Once thickness at the pole is known, 
using equation 

S~p:(2  )(l+m)l~p~t;[lnlt+-l~tS~e]lm 

Se I "~ )  ~ s  e JJ 
[47] 

thickness at the edge can be evaluated. Thickness at the edge 
and the pole at any instant of time can be related to the geometry 
of deformation using Eq 25. The angle tp included by the 
spherical segment at the center can be obtained by solving: 

S o = 

21sin~/2 [Sp( I - c°s tP) - I ~ £ / [  - tP cos tP + sin tP] ] 

[48] 

l ll 
where  y = 2" 

[55] 

4.1 .3  S t a g e  I I I  

The equations for Vr, Vs, Vb, and V2 reduce to the following 
when ~ = 0: 

i I n 21 2 r c ~  s +  [56] V r = 2 r c r r  s Se-~--(Se--Sp) 2j + 

2 

=o rs _ r _ ll [57] 

(t + ~tsp + tsp ) 

Vb=~F2 2 [58] 

(t + 8tSe + tS e ) 
V s = 2 n a r  2 [59] 

The above set of equations is solved using volume equivalents, 
and the radius of deformation r is obtained until the deforma- 
tion reaches 90% of the bottom radius. 

4.1.2  Stage H 

After obtaining the pole thickness Sp at time t + 8t using Eq 
26, the new edge thickness Se at time t + 6t is obtained using Eq 
17. Once the thickness at the edge and the pole are determined, 
other unknown geometric quantities including the sheet thick- 
ness at the point of contact is obtained by solving the following 
set of equations: 

t+~t a = t a = a [49] 

t+St p = t+St a = t a = a [50] 

t-~t q = t+St a = t a = a [51 ] 

• (S e -- Sp)'~p 
S e = S e  8 p + q  [52] 

t+St Wcon e = it, a 6 p . S e + Se [ 5 3 ]  

t le  t+Stie t+StWdome= " dome--  " cone [ 5 4 ]  

4.2 Truncated Cone 

4.2.1 S t a g e  I 

The thickness distribution is evaluated using the equations 
given in an earlier section for the generalized cup. After obtain- 
ing the pole thickness Sp at time t + 8t using Eq 26, the new edge 
thickness Se at time t + 8t is obtained using Eq 17. Once the 
thickness at the edge and the pole are determined, other un- 
known geometric quantities can be evaluated from the volume 
equivalent Eq 25. The height of deformation is checked to find 
if the sheet has contacted the side walls. The maximum height 
of deformation during stage I is given by: 

(1 - sin t~) 
h 1 = a [60] 

COS ( t  

4.2.2  S t a g e  H 

The thickness at the pole and the edge are obtained using Eq 
26 and 17 and the remaining geometric and kinematic quanti- 
ties are obtained using Eq 34 to 40. The thickness distribution 
is calculated until the height h reaches the bottom die wall. 
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4.2.3 Stage III  

The radius of deformation and the thickness at the edge and 
the pole are obtained using the Eq 17, 26, and 41 to 45, as given 
for stage III of a generalized cup. 

4.3 Cone 

The thickness distribution and the pressure-time cycle for a 
cone is given by the same set of equations as that of a truncated 
cone with a draft angle oz. The total height of the cone H is given 
by the die radius a and the angle cz by a = H tan ~x. 
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Fig. 10 Thickness profile for uniform and nonuniform models. 
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els. 

5. Results and Discussion 

The proposed nonuniform thinning distribution is used in 
the design and analysis of the superplastic formation of cone, 
right circular cylinder, and deep slanted cup. The first two ex- 
amples analyze the effect of uniform and nonuniform thinning 
assumptions and the material properties on the forming charac- 
teristics. 

Figure 8 shows the thickness profile of a free-forming dome 
when the dome is hemispherical (ix = 90 °) and at an intermedi- 
ate stage (ix = 45 o). The thickness ratio s/so is plotted along the 
convected coordinates from the pole to the edge, which can 
also be represented by the angle 0. s is the thickness of  the dome 
at angle 0, and so is the original thickness. When the overall de- 
formation is less (ct = 45 o), the thickness distribution predicted 
by both the models is close. Higher thinning (lower thickness) 
at the pole and lower thinning (higher thickness) at the edge are 
predicted by the nonuniform model. The deviation increases 
significantly with deformation, as can be seen in the lower part 
of Fig. 8 when the dome reaches hemispherical (tx = 90 o). 
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Fig. 13 Thickness profile at various pole heights, experiments 
and model. 

The effect of strain-rate sensitivity index m on the thinning 
of an axisymmetric cone is shown in Fig. 9. The cone has a half 
cone angle of 30 o with a radius of 2.5 in. The material is mod- 
eled with ~ = K ~m with K = 28800 lbf/(in. 2 sec m), m = 0.48, 
= 0.0007/s and an initial thickness of 0.09 in. As clearly shown 
in Part I, the uniform thinning model is kinematic in nature, and 
the final thickness distribution is insensitive to m. However, in 
the nonuniform thinning model, the thickness at any given in- 
stant at the edge and the pole are different and are both sensitive 
to m. [14] The shaded regions in Fig. 9 indicate the thinning for 
the nonuniform thinning model and show the thickness at the 
edge, pole, and in-between the free-forming region. Thus, the 
shaded region indicates the thickness range, with the top line 
corresponding to the final (edge) thickness profile. The shaded 
region in the case of m = 0.4 is larger than that of m = 0.8, which 
proves that the thickness variation increases with a decrease in 
m (less superplastic). As can be expected, there is always a 
cross over of thickness profile to satisfy the equivalency of vol- 
ume in the two models. 

A nonmonotonic thickness distribution is observed when- 
ever there is side and bottom contacts, as in the case of the cy- 
lindrical cup shown in Fig. 10. It can be seen that the thickness 
variation in a nonuniform model is greater than that of a uni- 
form model and that the cross over of the two curves establishes 
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Fig. 14 Comparison of thickness profile of a completely 
formed cylindrical cup for aluminum 7475. 

the volume constancy criteria. The pressure-time required to 

maintain the constant eopt of 0.0004/s in both the models is 

(ys 
shown in Fig. 11. Because p o~ - - ,  the lower thickness at the 

P 
pole in the nonuniform model results in a lower pressure. Also, 
the total time required to form increases because the material 
forms only around the pole region under optimal conditions. 
Consequently, in the nonuniform model, there is a decrease in 
pressure and an increase in time. The same trend is observed in 
all cases of generalized cup. 

As a part of a research effort, domes were formed on super- 
plastic aluminum 7475 alloy (supplied by Kobe Steel, Japan) at 
General Dynamics, Fort Worth Division. Hemispherical domes 
were formed with a radius of  3 in. held within a 4 in. rectangular 
die region. The material was modeled using a power-law equa- 
tion, with K = 67500 lbf/(in, x secm), m = 0.55, and an initial 
thickness of so = 0.06. The thickness of the dome after it was 
formed is compared with the analytical results, as shown in Fig. 
12. Because the entire analytical thickness distribution remains 
below the experimental values, the actual volume of the mate- 
rial in the dome is obviously more than the theoretical one. This 
discrepancy can be explained if additional material has flowed 
from the flange region into the dome, which was confirmed by 
actual measurement of  the thickness across the flange region. If  
the measured so = 0.0726 (estimated based on the dimensions 
of the flange and dome) were to be used, then the agreement be- 
tween the numerical and experimental results improve greatly, 
as shown in the top line of  Fig 12. 

The next experimental comparison involves the formation 
of a cylindrical cup with aluminum 7475 alloy (supplied by Al- 
coa). The thickness profiles of  the cup are compared with the 
numerical results during various stages of formation (stage I 
and III). During the formation of the dome (stage I), the experi- 
mental thickness at the pole height of  1.37 and 1.7 in. are shown 
in Fig. 13. The actual thickness along the convected coordi- 
nates is plotted against the ratio of  horizontal distance r and ra- 
dius a. In Fig. 14, the thickness profile for a completely formed 
cylindrical cup is compared with the analytical results gener- 
ated by the nonuniform thinning model. The plot between the 
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Fig. 15 Experimental and analytical results for a cone (LTV 
Aerospace Corporation, Fortworth Division). 

thickness along the side and the bottom wall of a cylindrical 
cup is shown. There is slightly higher thinning in the case of the 
analytical results compared to that of the experimental results. 

The final example involves the formation of superplastic 
aluminum-lithium 8090 alloy (supplied by Alcan) into a cone. 
The final formed thickness profile of the cone is compared with 
uniform and nonuniform thinning models. Agreement between 
nonuniform thinning and the experiment is closer, particularly 
in the thinnest regions of the cone. The figure also shows the re- 
sults of finite-element analysis. The code SPASM[15,16]used 12 
eight-noded isoparametric continuum elements to model the 
forming processes. 

Figure 15 also shows the computational effort involved in 
the various models. The uniform thinning model and finite-ele- 
ment methods were run on VAX station 2000 using Fortran, 
whereas the nonuniform thinning model was run on a Macin- 
tosh Ilcx using symbolic language Mathematica. Some bench- 
mark problems were run on both the Mac Ilcx and VAX 
workstation to compare the equivalent cpu times on the VAX 
workstation 2000. Comparisons were based on equivalent of 
time on the VAX workstation by using a conversion factor. It is 
very clear from the figure that uniform thinning (part I) and 
nonuniform thinning models (part II) are excellent design tools 

for superplastic forming, whereas a finite-element model is 
aptly suited for analysis. 
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